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ISOPERIMETRY FOR ASYMPTOTICALLY FLAT 3-MANIFOLDS
WITH POSITIVE ADM MASS
HAOBIN YU
Abstract. Let (M3, g) be an asymptotically flat 3-manifold with positive ADM
mass. In this paper, we show that each leaf of the canonical foliation is the
unique isoperimetric surface for the volume it encloses. Our proof is based on
the ”fill-in” argument and sharp isoperimetric inequality on asymptotically flat
3-manifold with nonnegative scalar curvature.
1. Introduction
A three manifold (M,g) is said to be asymptotically flat if there are a compact
subset K ⊆M and a chart
(1) M \K ∼= R3 \B 1
2
(0)
so that the components of the metric tensor have the form
gij = δij + σij,
where
(2) |x|α|∂ασij(x)| = O(|x|−τ ), as |x| → ∞
for some τ > 1/2 and all multi-indices α with |α| = 0, 1, 2. We also require that the
scalar curvature of (M,g) is integrable. The ADM-mass (after Arnowitt, Deser and
Misner [1]) of such an asymptotically flat manifold (M,g) is given by
mADM = lim
ρ→∞
1
16πρ
ˆ
{|x|=ρ}
3∑
i,j=1
(∂igij − ∂jgii)xj
where integration is with respect to the Euclidean metric.
In their seminal paper [16], Huisken and Yau proved that if (M,g) is C4-asymptotic
to Schwarzschild of mass m > 0, then out of some compact set, M can be foliated
by a family of strictly volume preserving stable constant mean curvature spheres
{ΣH}H≤H0 . Moreover, the leaves of this foliation are the unique volume preserving
stable CMC spheres of their mean curvature within a large class of surfaces. Their
uniqueness result was later strengthened by Qing and Tian[23]. Various extensions
of these results that allow for weaker asymptotic conditions have been proven in
[13, 18, 19]. The following optimal existence and uniqueness results for general
asymptotically flat 3-manifolds was established by Nerz in [22].
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Theorem 1.1. Let (M,g) be a complete Riemannian 3-manifold that is asymptoti-
cally flat at rate τ > 1/2 and which has positive mass. Suppose the scalar curvature
of (M,g) is nonnegative or satisfies R(g) = O(|x|− 52−τ ). Then for some compact L,
M3 \L can be foliated by stable CMC spheres {Σσ}σ>σ∗ with 2σ ≪ 1 being the mean
curvature of Σσ. Moreover, any large stable CMC sphere with mean curvature
2
σ
and which is geometrically close to Sσ must coincides with Σσ.
Remark 1.1. In [22], Nerz showed that the decay assumptions are optimal and
cannot be weakened to guarantee the existence of canonical foliation.
It’s a very natural question to ask if the leaves of the canonical foliation are
isoperimetric surfaces for the volume they enclose, i.e., given V ≫ 1, whether the
isoperimetric profile A(V ) can be achieved by leaves {ΣV } of the canonical foliation.
Here A : [0,∞)→ [0,∞) is defined by
A(V ) = inf{H2(∂∗Ω) : Ω ⊂M is a compact region and L3(Ω) = V },(3)
where H2 is 2-dimensional Hausdorff measure for the reduced boundary of Ω, and
L3(Ω) is the Lebesgue measure of Ω with respect to metric g.
In the asymptotically Schwarzschild setting, the study of isoperimetric structure
on asymptotically flat Riemannian 3-manifolds (M3, g) may date back to Bray’s
work. In [2], Bray showed that the isoperimetric surfaces of spatial Schwarzschild
manifold are exactly round centered spheres. He deduced that if (M3, g) is the
compact perturbations of the exact Schwarzschild metric then the large isoperi-
metric surfaces are also round centered spheres. By isoperimetric technique, Bray
gave a proof of Penrose inequality using positive mass theorem. He conjectured
that the volume-preserving stable constant mean curvature spheres constructed by
Huisken-Yau [16] are isoperimetric surfaces. Building on Bray’s volume compari-
son, Eichmair-Metzger [9, 10] obtained global uniqueness of large solutions of the
isoperimetric problem in any dimension for (M,g) asymptotic to Schwarzschild with
mass m > 0 and they gave a confirm answer to Bray’s conjecture.
To study the isoperemetric properties of 3-manifolds with general asymptotics,
Huisken[14] introduced the the concepts of isoperimetric mass and quasilocal isoperi-
metric mass which only require very low regularity.
Definition 1.1. (Huisken) Let (M3, g) be a C0-asymptotically flat manifold and Ω
be a smooth bounded domain. The quasilocal isoperimetric mass of Ω is
miso(Ω) =
2
H2(∂Ω)
(
L3(Ω)− 1
6
√
π
H2(∂Ω) 32
)
.
The isoperimetric mass of (M3, g) is defined by
miso(M,g) = sup
{Ωi}∞i=1
(lim sup
i→∞
miso(Ωi)),
where {Ωi} is an exhaustion of (M,g).
Subsequent to the work of Huisken, Fan-Miao-Shi-Tam [11] observed that the ”lim
sup” in Huisken’s definition recovers the ADM-mass of the initial data set when eval-
uated along exhaustions by concentric coordinate balls in an asymptotic coordinate
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system. Hence, mADM (M,g) ≤ miso(M,g). The following result was proposed by
Huisken[14, 15] and proven by Jauregui-Lee[17]. An alternative proof was given by
the author in joint work with Chodosh-Eichmair-Shi[7]. (Both approaches also use
an important insight by Fan-Miao-Shi-Tam[11].)
Theorem 1.2. Let (M,g) be an asymptotically flat Riemannian 3-manifold at decay
rate τ > 12 and which has non-negative scalar curvature. Then
mADM(M,g) = miso(M,g).
Let (M,g) be an asymptotically flat Riemannian 3-manifold with non-negative
scalar curvature and Ω ⊂ M be a compact region. An immediate consequence of
the theorem above is
Theorem 1.3 (Sharp isoperimetric inequality).
V (Ω) ≤ A(∂Ω)
3/2
6
√
π
+
mADM
2
A(∂Ω) + o(1)A(∂Ω)(4)
as V (Ω)→∞.
In a notable paper, Shi [25] established the isoperimetric inequality on asymptot-
ically flat 3-manifolds with non-negative scalar curvature, based on which Carlotto,
Chodosh and Eichmair[3] showed that for any V > 0, there always exists a smooth
isoperimetric region Ω with V ol(Ω) = V . In a jointed work with Chodosh, Eich-
mair and Shi[7], we gave a complete characterization of isoperimetric structure in
large scale for asymptotically flat Riemannian 3-manifold with non-negative scalar
curvature.
Theorem 1.4. Let (M,g) be a complete Riemannian 3-manifold that is asymptot-
ically flat at rate τ > 1/2 and which has non-negative scalar curvature and positive
mass. There is V0 > 0 with the following property. Let V ≥ V0. There is a unique
isoperimetic region ΩV with V (ΩV ) = V whose boundary consists of the horizon ∂M
and a leaf of the canonical foliation of the end of M .
Remark 1.2. In [7], a central step is to establish the effective volume comparison
for large constant mean curvature surfaces as Eichmair-Metzger did in [9, 10]. To
this end, we use the sharp isoperimetric inequality and a monotonicity formula under
mean curvature flow, which was discovered by Huisken [14, 15] and generalized by
Jauregui-Lee [17] for modified mean curvature flow.
Without the nonnegative scalar curvature assumption, the general existence of
large isoperimetric regions was established by Carlotto, Chodosh and Eichmair in
[3]:
Theorem 1.5. Let (M3, g) be an asymptotically flat Riemannian 3-manifold with
horizon boundary, integrable scalar curvature, and positive ADM-mass. For all V >
0 sufficiently large there is a smooth isoperimetric region of volume V .
The main theorem of this paper can be stated as follows:
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Theorem 1.6. Let (M3, g) be an asymptotically flat Riemannian 3-manifold with
positive ADM mass m > 0. Suppose the scalar curvature of (M3, g) is nonnegative
or satisfies R(g) = O(|x|− 52−τ ). Then there exists some V0 > 0 such that for any
V > V0 there is a unique isoperimetric region ΩV whose boundary is a leaf in the
canonical foliation {Σσ}σ>σ∗ .
As a corollary, we immediately have
Corollary 1.1. Assume as in the theorem above. Then
mADM(M,g) = miso(M,g).
One ingredient in our proof is the ”fill-in” argument and we are partially inspired
by the recent work [26]. To the author’s best knowledge, this argument is completely
new in dealing with isoperimetric problems on asymptotically flat manifolds. Let
Σσ be any leaf of the canonical foliation, cut the domain enclosed by the leaf and
fill Σσ with a suitable metric in a canonical way. As the metric we construct has
corners, we need to smooth the metric and then take conformal deformation to get a
family of asymptotically flat metrics with nonnegative scalar curvature. The ADM
mass of deformed metrics are strictly less than the mass of initial metric if the leaf
Σσ we choose is far away enough. Building on the sharp isoperimetric inequality, we
can show that the isoperimetric regions must look like Euclidean balls B1(0) when
scaled by their volume.
We remark here that recent breakthrough was made by Chodosh and Eichmair
[5, 6]. They established the optimal, global result for stable constant mean cur-
vature spheres in initial data asymptotic to Schwarzschild with nonnegative scalar
curvature. Finally, we mention some recent progress in the asymptotically hyper-
bolic setting. Chodosh [4] has shown that large isoperimetric surfaces are centered
coordinate spheres in the special case where the metric is isometric to Schwarzschild-
anti-de Sitter outside of a compact set. Under the assumption that the manifold
(M3, g) is asymptotic to Schwarzschild-anti-de Sitter with scalar curvature R ≥ −6,
Chodosh, Eichmair, Shi and Zhu [8] showed that the leaves of the canonical foli-
ation constructed by Rigger [24] are unique isoperimetric surfaces for the volume
they enclose. In their case, the scalar curvature assumption is necessary.
The remains of papers are organized as follows: In Section 2, we construct a
family of metrics {gσ} which coincide with g outside of Σσ and have nice behaviour
in the domain enclosed by Σσ. In Section 3, we get a family of asymptotically flat
metrics with nonnegative scalar curvature by deforming {gσ} as Miao did in [21]
and show that the mass of deformed metrics can be strictly less than m. We give
the proof of the main theorem in the last section,
Acknowledgments. The author would like to express his gratitude to Professor
Shi Yuguang for his constant encouragement. We sincerely thank Professor Michael
Eichmair for his valuable suggestions. We also thank Otis Chodosh and Wang
wenlong for helpful discussions.
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2. Gluing the metric
Let ωσ be the induced metric on Σσ. Set ωσ = e
2uσσ2g∗, here g∗ is some round
metric on S2 with area 4π and uσ is a function defined on S
2. Then Nerz[22] showed
that for some fixed α ∈ (0, 1), it holds
(5) ||σ−2ωσ − g∗||C2,α(S2) ≤ Cσ−τ , for σ ≫ 1.
Here and in the following, we always use C to denote universal constants depending
only on (M3, g) which may vary from line to line. Then we have
(6) |uσ|C2,α(S2) ≤ Cσ−τ , for σ ≫ 1.
We need the following result obtained by Mantoulidis and Schoen in [20].
Lemma 2.1. Let ω = e2uσσ2g∗ be as above. Then there exists a smooth path of
metrics t 7→ ω(t) such that
ω(0) = ω, ω(
σ
2
) round,
d
dt
dAω(t) ≡ 0, for all t ∈ [0,
σ
2
],
where dAω(t) denotes the area form for a metric ω(t).
Proof. The argument here follows are from [20]. Consider
ω˜(t) = e2uσ(1−
2t
σ
)+2a(t)σ2g∗
with a(t) chosen so that a(0) = 0 and
a′(t) =
2
σ
 
S2
uσdAω˜(t) = O(σ
−1−τ ).
Consider the following equation
(7) ∆ω˜(t)ψ(t, ·) =
4uσ
σ
− 2a′(t).
It is solvable since the integral of the righthand term vanishes. Then the standard
elliptic estimate gives
(8) |ψ(t, ·)|C2(S2,ω˜) ≤ Cσ−1−τ , for t ∈ [0,
σ
2
].
Take Xt = ∇ω˜(t)ψ(t, ·) and let φt be the one-parameter diffeomorphism group gen-
erated by Xt. Consider ω(t) = φ
∗
t ω˜(t). Then
d
dt
dAω(t) =
d
dt
φ∗tdAω˜(t) = φ
∗
t
[ d
dt
dAω˜(t) + Lφ˙tdAω˜(t)
]
=φ∗t
[1
2
trω˜(t) ˙˜ω(t)dAω˜(t) + divω˜(t)φ˙tdAω˜(t)
]
=φ∗t
[
2a′(t)− 4uσ
σ
+∆ω˜(t)ψ(t, ·)
]
dAω˜(t) = 0,
where L denotes the Lie derivative on S2. Hence, we complete the proof. 
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Now we define a family of metrics on Σσ × [0, σ2 ] by
γ = f(t)ω(t) + dt2 =
(
1− t
σ
)2
ω(t) + dt2.
Let Ωσ be the domain enclosed by Σσ. Denote the surface Σσ × {σ2 } by Σ′σ and
fill Σ′σ with Euclidean ball (gE ,Ω
′
σ) such that gE
∣∣
Σ′σ
= γ
∣∣
Σ′σ
. We define a family of
asymptotically flat metrics {gσ} with corners as follows:
(9) gσ =


gE x ∈ Ω′σ
γ x ∈ Ωσ \ Ω′σ
g x ∈M3 \Ωσ
Lemma 2.2. The scalar curvature of γ satisfies
Rγ = O(σ
−2−τ ) for σ ≫ 1.
Proof. Set h(t) = f(t)ω(t). Then differentiating with respect to t gives
h˙ = f ′ω + fω˙.
Recall that trωω˙ = 0. It follows
trhh˙ =
2f ′
f
and |h˙|2h =
2f ′2
f2
+ |ω˙|2ω.
Differentiating and tracing again,
h¨ = f ′′ω + 2f ′ω˙ + fω¨ and trhh¨ =
2f ′′
f
+ trωω¨.
Using trωω˙ = 0, we get
trωω¨ = |ω˙|2ω.
The scalar curvature of γ is given by
Rγ =2Kh − trhh¨− 1
4
(trhh˙)
2 +
3
4
|h˙|2h
=2Kh − 2f
′′
f
− |ω˙|2ω −
f ′2
f2
+
3
4
(
2f ′2
f2
+ |ω˙|2ω)
=2Kh +
f ′2
2f2
− 2f
′′
f
− 1
4
|ω˙|2ω
=2Kh − 2
fσ2
− 1
4
|ω˙|2ω.(10)
By (6), the Gauss curvature of h can be estimated by
Kh =f
−1φ∗t
[
e−2uσ(1−
2t
σ
)−2a(t)σ−2
(
1− 2(1− 2t
σ
)∆S2uσ
)]
=
1
fσ2
+O(σ−2−τ ).(11)
Note that
ω˙ = φ∗t
[
e2uσ(1−
2t
σ
)+2a(t)σ2(2a′(t)− 4uσ
σ
)g∗ +∇2ω˜ψ
]
.
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Then it follows from (8) that
(12) |ω˙|2ω = O(σ−2−2τ ).
Substituting (11) and (12) into (10) gives the desired estimate. 
Lemma 2.3. Let {− ∂∂t} be the outer normal vector field on Σσ × [0, σ2 ]. Then for
σ ≫ 1, we have
H(Σσ, γ) =
2
σ
= H(Σσ, g) and H(Σ
′
σ, gE) =
4
Rσ
≥ 4
σ
= H(Σ′σ, γ),
where Rσ is the constant such that A(Σσ, g) = 4πR
2
σ.
Proof. A direct computation shows that
H(Σσ, γ) = −f
′(0)
f(0)
=
2
σ
= H(Σσ, g).
The mean curvature of Σ′σ with respect to metric γ and gE are repectively given by
H(Σ′σ, γ) =
−f ′(σ2 )
f(σ2 )
=
4
σ
and H(Σ′σ, gE) =
2√
f(σ2 )Rσ
=
4
Rσ
.(13)
Note the Hawking mass of {Σσ} satisfy
mH(Σσ) =
√
A(Σσ, g)
16π
(
1− A(Σσ, g)H
2(Σσ, g)
16π
)
→ m, as σ →∞.
Then we have
(14) 1− R
2
σ
σ2
≥ m
σ
for σ ≫ 1.
This finishes the proof. 
By our construction, we have
Corollary 2.1. For σ ≫ 1, the Sobolev Constant of {gσ} is controlled by C depend-
ing only on (M3, g).
3. Smoothing {gσ} and conformal deformations
In this section, we establish some estimates for certain conformal deformation
equations. To begin with, we smooth the metric gσ across Σσ and Σ
′
σ as Miao did
in [21]. Namely, we have the following proposition.
Proposition 3.1. There exists a family of C2 metrics {gσ,δ}0<δ≤δ∗ on R3 so that
gσ,δ is uniformly close to gσ on R
3, gσ,δ = gσ outside (Σσ ∪Σ′σ)× (−δ, δ) (Gaussian
coordinates) and the scalar curvature of gσ,δ satisfies
Rσ,δ(z, t) =


O(1) for (z, t) ∈ (Σσ ∪Σ′σ)×
{
δ2 < |t| < δ} ,
O(1) +
H(z, γ)−H(z, g)
δ2
φ
(
t
δ2
)
, for (z, t) ∈ Σσ × [−δ2, δ2],
O(1) +
H(z, gE)−H(z, γ)
δ2
φ
(
t
δ2
)
, for (z, t) ∈ Σ′σ × [−δ2, δ2],
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where O(1) represents quantities bounded by constants depending only on g, but not
on δ or σ, and φ ∈ C∞c ([−1, 1]) is a standard mollifier satisfying 0 ≤ φ ≤ 1, φ ≡ 1
in [−13 , 13 ], and
´ 1
−1 φ = 1.
Then by Lemma 2.3, we have
(15) Rσ,δ =


O(|x|−2−τ ), in Σσ × [δ, σ
2
− δ] or outside Σσ × {−δ}
O(1) +
4
δ2
(
1
Rσ
− 1
σ
)φ
(
t
δ2
)
, in Σ′σ × [−δ2, δ2]
O(1),
(
Σσ × [−δ, δ]
) ∪ (Σ′σ × {δ2 < |t| < δ})
0 otherwise
We choose some C2 function fσ,δ satisfying fσ,δ =
Rσ,δ
8 outside Σ
′
σ × [−δ, δ] and
−C0 ≤ fσ,δ ≤
Rσ,δ
8
, for x ∈ Σ′σ × [−δ, δ].
for some uniform C0 > 0. Thenˆ
|fσ,δ|
3
2dgσ,δ ≤ C(σ2δ)
3
2 +
C
σ
.
Thus, for σ ≫ 1 and δ < 1Cσ3 , we haveˆ
|fσ,δ|
3
2 ≤ C
σ
→ 0 as σ →∞.(16)
Consider the following equation
(17)
{
∆gσ,δuσ,δ − fσ,δuσ,δ = 0
uσ,δ(∞) = lim
x→∞
uσ,δ(x) = 1
The solvability of equation (17) is guaranteed by the following lemma due to Schoen-
Yau[27].
Lemma 3.1. Let (N, gN ) be an asymptotically flat 3-manifold and h be a function
that has the same decay rate at ∞ as R(gN). Then there exists a number ǫN > 0
depending only on the C0 norm of gN and the decay rate of gN , ∂gN and ∂
2gN at ∞
so that if
(18)
(ˆ
N
|h−|
3
2 dµgN
) 2
3
< ǫN ,
then {
∆gNu− hu = 0 in N,
u→ 1 at ∞.
has a C2 positive solution u that
u(x) = 1 +
A
|x| +B
for some constant A and some function B, where B = O(|x|−2) and ∂B = O(|x|−3).
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Set g˜σ,δ = u
4
σ,δgσ,δ. Then {gσ,δ} is a family of asymptotically flat metrics with
nonnegative scalar curvature. Let vσ,δ = uσ,δ − 1.
Lemma 3.2. For σ ≫ 1 and δ ≪ 1σ3 , it holds
|vσ,δ|(x) ≤ Cσ−
1
2 , for |x| ≥ σ
2
.
Proof. We divid our proof into two steps.
Step1: We aim to get the L6 estimate of vσ,δ. By (17),
(19) ∆gσ,δvσ,δ − fσ,δvσ,δ = fσ,δ.
Multiplying the equation above with vσ,δ and integrating on
R3 give ˆ
(vσ,δ∆gσ,δvσ,δ +
ˆ
fσ,δv
2
σ,δ)dgσ,δ =
ˆ
fσ,δvσ,δdgσ,δ .
Integrating by parts and using Holder Inequality, we have thatˆ
|∇gσ,δvσ,δ|2dgσ,δ ≤
(ˆ
|fσ,δ|
3
2
) 2
3
( ˆ
v6σ,δdgσ,δ
) 1
3
+
( ˆ
|fσ,δ|
6
5
) 5
6
( ˆ
v6σ,δdgσ,δ
) 1
6
.(20)
The Sobolev inequality gives that(ˆ
v6σ,δdgσ,δ
) 1
3 ≤ Cσ,δ
ˆ
|∇gσ,δvσ,δ|2dgσ,δ ,
where Cσ,δ denotes the Sobolev Constant of the metric gσ,δ . Then we have( ˆ
v6σ,δdgσ,δ
) 1
3 ≤Cσ,δ
( ˆ
|fσ,δ|
3
2 dgσ,δ
) 2
3
( ˆ
v6σ,δdgσ,δ
) 1
3
+
1
16
C2σ,δ
( ˆ
|fσ,δ|
6
5dgσ,δ
) 5
3
+
1
2
(ˆ
v6σ,δdgσ,δ
) 1
3
.(21)
Note gσ,δ is uniformly close to gσ. Then Cσ,δ is uniformly bounded by corollary 2.1.
By (16), for σ ≫ 1 and δ < 1
8Cσ3
, we have
Cσ,δ
(ˆ
|fσ,δ|
3
2
) 2
3 ≤ 1
4
.
Then it follows that for σ ≫ 1 and δ < 1σ3(ˆ
v6σ,δdgσ,δ
) 1
3 ≤ C
(ˆ
|fσ,δ|
6
5
) 5
3 ≤ C(σ− 65 (τ− 12 ) + σ2δ) 53 = o(1), as σ →∞.
Step 2 We use Moser iteration to improve the estimate. We omit the lower index
for simplicity. By (19), we have
ϕ2v2p−1∆v = fϕ2v2p + fϕ2v2p−1,
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where ϕ is a C2 function supported in Bσ
4
(x) and p ≥ 3 is positive integer. Then
Stokes’ formula implies that
−
ˆ
ϕ2v2p−1∆v = (2p − 1)
ˆ
ϕ2v2p−2|∇v|2 + 2
ˆ
ϕv2p−1∇ϕ∇v.
It follows that
(2p − 1)
ˆ
ϕ2v2p−2|∇v|2
=− 2
ˆ
ϕv2p−1∇ϕ∇v −
ˆ
fϕ2v2p −
ˆ
fϕ2v2p−1
≤2p− 1
2
ˆ
ϕ2v2p−2|∇v|2 + 2
2p − 1
ˆ
|∇ϕ|2v2p +
ˆ
|f |ϕ2(v2p + |v|2p−1)(22)
On the other hand, using Sobolev inequality, we have(ˆ
(ϕvp)6
) 1
3 ≤C
ˆ
|∇(ϕvp)|2
≤C
(ˆ
|∇ϕ|2v2p +
ˆ
p2v2p−2|∇v|2
)
(23)
Combining the two inequalities above gives(ˆ
(ϕvp)6
) 1
3 ≤C1p2
ˆ
|f |ϕ2v2p + C1p2
ˆ
|f |ϕ2|v|2p−1 + C1
ˆ
|∇ϕ|2v2p.(24)
By Holder inequality,ˆ
|f |ϕ2|v|2p−1 ≤
(ˆ
|f |ϕ2v2p
) 2p−1
2p
(ˆ
|f |ϕ2
) 1
2p
≤στ
ˆ
|f |ϕ2v2p + στ−2pτ
ˆ
|f |ϕ2
≤
ˆ
στ |f |ϕ2v2p + σ1−2τp.(25)
Then ( ˆ
(ϕvp)6
) 1
3 ≤ 2C1p2
ˆ
στ |f |ϕ2v2p + C1
ˆ
|∇ϕ|2v2p + C1p2σ1−2τp
Using Holder inequality,
p2
ˆ
στ |f |ϕ2v2p ≤p2
ˆ
suppϕ
(
σ2τ |f |2
) 1
2
( ˆ
|ϕvp|6
) 1
4
( ˆ
ϕ2|v|2p
) 1
4
≤ε
( ˆ
|ϕvp|6
) 1
3
+ ε−4p8
( ˆ
suppϕ
σ2τ |f |2
)2 ˆ
ϕ2v2p(26)
Take ε such that 2C1ε =
1
2 . Then we have(ˆ
(ϕvp)6
) 1
3 ≤C2p8
(ˆ
ϕ2σ2τ
∣∣∣f |2)2 ˆ ϕ2v2p + C2
ˆ
|∇ϕ|2v2p + C2p2σ1−2τp
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≤C3p8
(
(σ−2
ˆ
ϕ2v2p +
ˆ
|∇ϕ|2v2p + σ1−2τp
)
.(27)
We choose ϕi ∈ C2c (Bσ
4
(x)) to be the cut-off function depending only on the distance
to x such that
ϕi(x) =
{
1, x ∈ Bri+1(x),
0, x /∈ Bri(x),
and |∇ϕi| ≤ C2iσ for some uniform C. Here ri is defined by
ri =
σ
4
(1−
i∑
k=1
1
2k+1
).
Set
p = 3i and Ii+1 = σ
−3
ˆ
Bri+1
|v|2·3i+1 + σ−2τ3i+1 .
Then it follows (27) that
Ii+1 ≤C33324iσ−3
[
(σ−2
ˆ
ϕ2v2·3
i
+
ˆ
|∇ϕi|2v2·3i + σ1−2τ3i
]3
+ σ−2τ3
i+1
≤C4324i8i
[
σ−9(
ˆ
suppϕi
v2·3
i)3
+ σ−2τ3
i+1
]
≤C4324i8i
[
σ−3
ˆ
suppϕi
v2·3
i
+ σ−2τ3
i
]3
≤C4324i8iI3i .(28)
It’s easy to show that
I
1
2·3i
i ≤ C5I
1
6
1 .
Sending i to ∞ gives
|v|(x) ≤ C5
(
σ−
1
2 (
ˆ
v6)
1
6 + σ−τ
)
≤ C5σ−
1
2 .
Hence, we finish the proof. 
Theorem 3.1. We can find some σ0 ≫ 1 such that for any σ > σ0 and δ ≤ 1Cσ3 , it
holds
m(g˜σ,δ) ≤ 7
8
m(gσ,δ).
Proof. Using the definition of mass, a straightforward calculation yields
m(g˜σ,δ) = m(gσ,δ) + 2Aσ,δ .
where Aσ,δ is given by the expansion uσ,δ(x) = 1 +
Aσ,δ
|x| +O(
1
|x|2 ). Note that fσ,δ =
1
8Rσ,δ outside (Σσ ∪Σ′σ)× [−δ, δ]. Applying integration by parts to (17) multiplied
by uσ,δ , we have that
4πAσ,δ =
ˆ (
− fσ,δu2σ,δ − |∇gσ,δuσ,δ|2
)
dgσ,δ
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≤2
ˆ
(Σσ∪Σ′σ)×[−δ,δ]
|fσ,δ|dgσ,δ − 1
8
ˆ
Σσ×[δ,
σ
2
−δ]
Rσ,δu
2
σ,δdgσ,δ + 2
ˆ
M ′
|Rσ,δ |dgσ,δ
≤Cσ2δ + 2
ˆ
M ′
|Rg|dg − 1
8
ˆ
Σσ×[δ,
σ
2
−δ]
Rσ,δu
2
σ,δdgσ,δ ,(29)
where M ′ consists of the points outside Σσ × {−δ}. Recall that
gσ,δ = γ = h(t) + dt
2 = f(t)ω(t) + dt2, (x, t) ∈ Σσ × [δ, σ
2
− δ].
Then by (10),ˆ
Σσ×[δ,
σ
2
−δ]
Rσ,δu
2
σ,δdgσ,δ
=
ˆ
Σσ×[0,
σ
2
]
Rγu
2
σ,δdgγ +O(σ
2δ)
=
ˆ
Σσ×[0,
σ
2
]
Rγ
(
1 +O(σ−
1
2 )
)
dgγ +O(σ
2δ)
=
ˆ σ
2
0
ˆ
Σσ×{t}
[
2Kh(t) −
2
fσ2
− 1
4
|ω˙|2ω
]
dAh(t)dt+O(σ
2δ) +O(σ
1
2
−τ )
=4πσ − 2
σ2
ˆ σ
2
0
ˆ
Σσ×{t}
dAω(t)dt+O(σ
2δ) +O(σ
1
2
−τ )
=4πσ − 4πR
2
σ
σ
+O(σ2δ) +O(σ
1
2
−τ )
≥4πm(gσ,δ) +O(σ2δ) +O(σ
1
2
−τ ),(30)
where we have used
Area(Σσ × {t}, ω(t)) = 4πR2σ, for t ∈ [0,
σ
2
].
As
´
M |R|dg is finite, we can choose σ0 ≫ 1 such that for any σ ≥ σ0 and δ < 1Cσ3 ,
Cσ2δ +
ˆ
M ′
|R|dg +O(σ2δ) +O(σ 12−τ ) ≤ πm(gσ,δ)
4
.
Combining above with (29) and (30) yields the desired estimate. 
4. Proof of Theorem 1.6
Now we turn to the proof of the main theorem. Let {ΩVk} be isoperimetric
regions of volumes Vk →∞ and {Ωk} be the unique large component of {ΩVk} with
V (Ωk) =
4piρ3k
3 →∞. We know that Ωk is connected. Let Ω˜k be the subset of {x ∈
R3 : ρk |x| > 1/2} such that
Ωk \K ∼= {ρkx : x ∈ Ω˜k}
Then upon passing to a subsequence,
Ω˜k → B1(ξ) in C2,αloc (R3 \ {0}) for some ξ ∈ R3.
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as k →∞. Our goal will be to show that ξ = 0.
Proposition 4.1. ξ = 0.
Remark 4.1. An analogous result holds in all dimensions provided the sharp isoperi-
metric inequality holds for the conformal metric of smaller mass: Suppose the sharp
isoperimetric inequality holds for any n-dimensional AF manifold (M,g)with non-
negative scalar curvature and positive mass. If one can construct some scalar
nonnegative metric g˜ = u
4
n−2 g¯ with g¯ being some compact perturbation of g and
u = 1 + A|x|2−n + O(|x|1−n) being some conformal deformation satisfying A < 0,
then large isoperimetric regions in AF manifolds with positive mass must be close
to the corresponding centered coordinate balls.
Proof. Assume that ξ 6= 0. By Theorem 3.1, we can choose some fixed σ0 ≫ 1 and
δ0 ≤ 1Cσ3
0
such that the conformal metric
g˜σ0,δ0 = u
4
σ0,δ0gσ0,δ0 =
(
1 +
Aσ0,δ0
|x|
)4
gσ0,δ0 +O(|x|−2)
satisfies
(31) m(g˜σ0,δ0) = m(gσ0,δ0) + 2Aσ0,δ0 = m(gσ0,δ0)(1− ε0),
for some ε0 > 0. Set Ω
′
k = Ωk \B 1
2
(0). Then we have
V (Ω′k, g˜σ0,δ0) =V (Ωk, gσ0,δ0)− 3ε0m(gσ0,δ0)
ˆ
Ω′
k
1
|x| + o(ρ
2
k),
A(∂Ω′k, g˜σ0,δ0) =A(∂Ωk, gσ0,δ0)− 2ε0m(gσ0,δ0)
ˆ
∂Ω′
k
1
|x| + o(ρk).
On the other hand, {Ωk} is a sequence of isoperimetric regions in (M3, g) and
g = gσ0,δ0 outside of some compact set. Then
V (Ωk, gσ0,δ0) ≥
1
6
√
π
A
3
2 (∂Ωk, gσ0,δ0) +
m(gσ0,δ0)
2
A(∂Ωk, gσ0,δ0) + o(ρ
2
k).
Combining the above three inequalities yields
V (Ω′k, g˜σ0,δ0)−
1
6
√
π
A(∂Ω′k, g˜σ0,δ0)−
m(g˜σ0,δ0)
2
A(∂Ω′k, g˜σ0,δ0)
≥V (Ωk, gσ0,δ0)−
1
6
√
π
(
A(∂Ωk, gσ0,δ0)− 2ε0m(gσ0,δ0)
ˆ
∂Ω′
k
1
|x| + o(ρk)
) 3
2
− m(gσ0,δ0)
2
A(∂Ωk, gσ0,δ0) +
ε0m(gσ0,δ0)
2
A(∂Ω′k, gσ0,δ0)
− 3ε0m(gσ0,δ0)
ˆ
Ω′
k
1
|x| + o(ρ
2
k)
≥V (Ωk, gσ0,δ0)−
1
6
√
π
A
3
2 (∂Ωk, gσ0,δ0)−
m(gσ0,δ0)
2
A(∂Ωk, gσ0,δ0)
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+ ε0m(gσ0,δ0)
(
2πρ2k + ρk
ˆ
∂Ω′
k
1
|x| − 3
ˆ
Ω′
k
1
|x|
)
+ o(ρ2k)
≥ε0m(gσ0,δ0)
(
2πρ2k + ρk
ˆ
∂Ω′
k
1
|x| − 3
ˆ
Ω′
k
1
|x|
)
+ o(ρ2k)(32)
Note that Ω˜k → B1(ξ) in C2,αloc (R3 \ {0}). Then
ρk
ˆ
∂Ω′k
1
|x| = ρk
ˆ
Sρk (ρkξ)
1
|x| + o(ρ
2
k) =
{
4πρ2k + o(ρ
2
k) |ξ| ≤ 1
4piρ2k
|ξ| + o(ρ
2
k) |ξ| ≥ 1.
(33)
Similarly,
ˆ
Ω′
k
1
|x| =
ˆ
Bρk (ρkξ)
1
|x| + o(ρ
2
k) =
{
2πρ2k(1− |ξ|
2
3 ) + o(ρ
2
k) |ξ| ≤ 1
4piρ2k
3|ξ| + o(ρ
2
k) |ξ| ≥ 1.
(34)
Hence, we always have
V (Ω′k, g˜σ0,δ0)−
1
6
√
π
A(∂Ω′k, g˜σ0,δ0)−
m(g˜σ0,δ0)
2
A(∂Ω′k, g˜σ0,δ0)
≥2ε0πm(gσ0,δ0)|ξ|
2ρ2k
1 + |ξ|2 + o(ρ
2
k),(35)
which contradicts with the sharp isoperimetric inequality (4) on (R3, g˜σ0,δ0). 
Proof of Theorem 1.6. By Proposition 4.1, we see that every sufficiently large isoperi-
metric region is connected and close to the centered coordinate ball B1(0) after
suitable scaling in the chart at infinity (1). The uniqueness of large stable constant
mean curvature spheres obtained by Nerz in [22] shows the boundary of such an
isoperimetric region must be a leaf of the canonical foliation. 
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